The real and imaginary negative binomial states formed by a superposition of the negative binomial states are introduced. The sub-Poissonian statistics, Wigner function and squeezing properties of the real and imaginary states are studied in detail. The oscillatory character of the photon distribution due to the quantum interference between the two components is shown. Moreover, we find that these states are real and imaginary nonlinear Schrödinger cat states and give the corresponding ladder operator formalisms. We also discuss how to generate these general real quantum superposition states based on the intensity-dependent Jaynes-Cummings model.
Introduction
Binomial states (BSs) and negative binomial states (NBSs), which are called intermediate states, have attracted considerable attention in the field of quantum optics. They are intermediate between different fundamental quantum states, such as the number, coherent and squeezed states, and reduce to them in two different limits. For instance, the BSs lie between the coherent states (the most classical) and the number states (the most nonclassical) (Stoler et al 1985; Dottoli et al 1987; Lee 1985; Vidiella-Barranco et al 1994; Fan et al 1994; Fu et al 1996) , while the NBSs lie between the coherent states and geometric states (Joshi et al 1989 (Joshi et al , 1991 Matsuo 1990; Agarwal 1992; Fu et al 1997) . In quantum optics, discrete distributions have played a very important role as far as the statistics of the radiation fields are concerned. The photon number distributions of the intermediate states are well known discrete probability distributions in probability theory: the BS corresponds to the binomial distribution, the NBS to the negative binomial distribution.
Barnett's definition of an NBS is (Barnett 1998; Liao et al 2000) :
where |n is the usual number state, α = |α| exp(iφ), 0 < φ < 2π , 0 < |α| < 1, and M is a non-negative integer. It is found that the NBS |α, M and the BS have an interesting symmetry where the roles of the creation operator a † and annihilation operator a are interchanged. The photon number probability distribution is associated with the probability that M photons are found, given that n are present and that the probability for successfully detecting any single photon is 1 − |α| 2 . Mixed states with the photon number probability include those applicable to photodetection and optical amplification (Jakeman et al 1984) . The nonclassical properties and algebraic characteristics of the NBSs have already been studied in detail . In this paper we will investigate the photon statistics of other types of nonclassical states: the real negative binomial states (RNBSs) and imaginary negative binomial states (INBSs). Following Dodonov et al (1995) who discussed the real and imaginary Schrödinger cat states, we construct the RNBSs and INBSs based on the definition of the NBSs (equation (1)), which can be rewritten as
We obtain the expansion of the real and imaginary NBSs from 
where N R and N I are the normalization constants. From equations (3) and (4) it is straightforward to find the inner products
The normalization constants are thus
From equations (1)- (4), the real and imaginary NBSs can also be expressed as
and
where N is the number operator.
Sub-Poissonian statistics
Using equations (3) and (4), the photon number distribution of the superposition state is obtained as
It is obvious that both P R (n) and P I (n) are a modulated negative binomial distribution. In the special case of φ = π/2, the RNBS and INBS are either a superposition of even number states (we refer to this as the even NBS) or superposition of odd number states (odd NBS):
even NBS: |β, 2k R or |β, 2k + 1 I ; odd NBS: |β, 2k + 1 R or |β, 2k I .
Thus the even and odd NBSs depend not only on φ but also on the parity of M. Here β = i|α|. The above fact can be easily understood since |β, M R = |β, M + | − β, M and |β, M I = |β, M − | − β, M , excluding normalization constants. The states |β, M R and |β, M I are just the NBS superposition states we studied previously (Liao et al 2000) .
When φ = 0 or π, only the real part exists, so P R (n) reduces to the negative binomial distribution
which is identical to that of the state |α, M . To investigate the statistical characteristics of the radiation field we differentiate the generating functions
with respect to the auxiliary real number λ. The factorial moments are defined as
, where m is a positive integer. From equations (14) and (15) we obtain the factorial moments F (m) as
From this, we can easily derive Mandel's Q-parameter
which measures the deviation from the Poisson distribution that corresponds to the coherent state with Q = 0. If Q < 0(> 0), the field is called sub(super)-Poissonian. From equations (16)- (18), we can numerically calculate the Q function. We see that the Q function is symmetric with respect to φ = π , so only the range φ ∈ [0, π] is considered. When |α| = 0, the Q function is equal to −1 and the distribution is highly nonclassical. This is easy to understand since both the real and the imaginary negative binomial states reduce to the number state in the limit α → 0, which can be seen from their definitions. Because the RNBS and INBS are similar, we only discuss the RNBS in detail in the following sections. Figure 1 shows a plot of its Q-function against |α| 2 for different φ and M. From the figure we can see that there exists a critical point |α c |. When |α| < |α c |, the real NBS is sub-Poissonian; when |α| > |α c | it is super-Poissonian. The value of |α c | increases as M or |φ| increases, and so the distribution is more sub-Poissonian in nature over a wider range.
The Wigner function
When a field is prepared in a quantum state described by a density operator ρ, we can define the s-parameterized quasiprobability distribution in phase space as (Cahill et al 1969) 
where the quantum characteristic function is
Here β = x+iy, with (x, y) being the c numbers corresponding to the quadratures (X, Y ), and D(ξ ) = exp(ξ a † − ξ * a) is Glauber's displacement operator. It is possible to write the s-parameterized quasiprobability distribution as an infinite series (Moya-Cessa et al 1993)
where |β, k = D(β)|k is the so-called displaced number state. By taking s = 0 in the above equation, we obtain a series representation for the Wigner function
Now we insert equation (9) into the above equation, which yields
where the matrix elements χ nk (β) = n|D(β)|k are given by χ
and 2 F 0 (α, β; z) are the generalized hypergeometric functions (Geronimus et al 1980) . The present form of χ nk (β) is convenient for numerical calculations. The Wigner function can be used to identify the nonclassical behaviour of quantum states. It is known that the negativity of the Wigner function is a sufficient but not necessary condition for having nonclassical effects. In figure 2 , we give plots of the Wigner function of the RNBS by numerical calculation of equation (23) for M = 1, φ = 0.3π and different values of |α| 2 . It can be seen that the negative part of the Wigner function is quite pronounced. When |α| 2 = 0 (figure 2(a)), we have the full Wigner function of a number state |1 . In figure 2(b) for |α| 2 = 0.1, the peak of the negative part is lower. When |α| 2 = 0.5, we find that the function has a more complex structure, with an oscillating behaviour which exhibits strong nonclassical properties. It can also be seen that the Wigner function becomes more and more negative as |α| 2 decreases.
Squeezing properties
The quadrature operators X and Y are defined by (we assumē h = 1)
and their variances , squeezing occurs. In the present case, a is pure imaginary and a 2 is real. Thus, the variances of X and Y can be written as 
In the same way, the expectation values a 2 are obtained to be
(n + 1)(n + 2)
Using equations (28)- (33), we can investigate the squeezing properties. Figure 3 (a) is the plot of V ar(X) against |α| 2 for different M. As can be seen, the variance is insensitive to M when |α| is large enough, and there also exists a critical point |α c |. When |α| > |α c | squeezing exists, and the critical point |α c | increases as M increases. As M increases, the degree of squeezing is reduced and the squeezing range becomes narrow. Figure 3(b) is the plot of V ar(X) against φ for different α. We can see that V ar(X) is symmetric with respect to φ = π/2 which is also the centre of the squeezing area , when |α| > |α c |. Figure 4 is the plot of the product of the uncertainty V ar(X)V ar(Y ) as a function of |α| 2 for M = 3 and different φ. We note that when α = 0, the products of the three cases merge to the same point. When φ = 0 or π/2, |α| 2 → 1, and the RNBS converges to a minimum uncertainty state. However, in other cases, there only exists a lowest point close to the line (V ar(X)V ar(Y ) = 1 4 ) corresponding to the minimum uncertainty states.
Real and imaginary nonlinear Schrödinger cat states
There has been much interest in the study of nonlinear coherent states. The so-called nonlinear coherent states (Dodonov et al 1994; de Matos Filho et al 1996) are defined as the right-hand eigenstates of the product of a non-constant function of the number operator N = a † a and the boson annihilation operator a, where f ( N) is an operator-valued function of the number operator. These nonlinear coherent states exhibit various nonclassical features. We shall now derive the ladder operator formalism of the real negative binomial state. We know that the NBS is a nonlinear coherent state which satisfies the equation 
The corresponding nonlinear function is N + 1 − M/( N +1).
From the above equations, we can expect that the real NBS |α, M R and the imaginary NBS |α, M I also have similar properties. From the definitions (equations (9) and (10)), RNBSs and INBSs satisfy the equations
These are the ladder operator formalisms of the real and imaginary negative binomial states. In 1998 Roy introduced the real and imaginary nonlinear Schrödinger cat states (Roy 1998) 
where |α, f is the nonlinear coherent state and N ± (α, α * ) are the normalization constants of the cat states. Since the NBS is a nonlinear coherent state, we conclude that the real and imaginary NBSs are a kind of real and imaginary nonlinear Schrödinger cat states. The Wigner functions (figure 2) and other statistical characteristics of the RNBS and INBS are strongly influenced by the quantum interference terms, as are other real and imaginary Schrödinger cat states (Roy 1998; Dodonov et al 1995) .
Generation of the general nonlinear Schrödinger cat states
It has been suggested that the NBSs (Agarwal 1992; Liao et al 2000) and consequently their superpositions (Parkins et al 1995) can be prepared by nonlinear optical and atom processes in the laboratory. The generation of superpositions of negative binomial states may be achieved in principle through interaction of an electromagnetic field with two-level atoms (Guo et al 1996) . We now discuss how to produce the real and imaginary NBSs based on the intensity-dependent JaynesCummings model (Buck et al 1981) . In the case of a single field mode on resonance with the atomic transition we may write the Hamiltonian as
where
and we have taken the coupling constant g to be real. Here σ 3 , σ − and σ + are pseudo-spin operators. This is the simple form of the atom-field interaction and is known as the intensity-dependent Jaynes-Cummings model. It is seen that [H 1 , H 2 ] = 0 and [H 1 , H ] = 0. The time evolution operator is therefore given by
In the interaction picture, we only need to consider the evolution operator U 2 (t)
If the atom is initially in the ground state (|↓ ) and the field is in an arbitrary state ∞ n=0 C n |n , the initial state of the whole system is given by
Thus, after a given time t, we obtain the state of the system |ψ(t) = Finally, we can perform a state-selective measurement on the atom. If the atom is detected in the ground state, the cavity field collapses into the quantum state ∞ n=0 C n cos[gtn] |n . We can see that the generation of the real NBS is restricted to the case of M = 0, so the initial state should be ||α|, 0 , and the final state is ||α| exp(igt), 0 + ||α| exp(−igt), 0 . The resulting state is just the real NBS ||α| exp(igt), 0 R . Naturally, the method proposed here can be used to generate other real quantum superposition states, such as real coherent states.
Conclusion
We have introduced the new quantum states (real and imaginary NBSs) formed by superposition of the negative binomial states. The sub-Poissonian statistics, the Wigner function and squeezing properties have been studied in detail, and it is found that there exist critical points for the parameter |α|. Moreover, we find that the real and imaginary NBSs correspond to kinds of real and imaginary nonlinear Schrödinger cat states.
The ladder operator formalisms of these states are given. We have also discussed the generation of the general real superposition states based on the intensity-dependent Jaynes-Cummings model. We hope it may become possible to actually measure and study experimentally the nonclassical and nonlinear properties of these kinds of states.
